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Abstract
Using the Einstein-Cartan-Dirac theory, we study the effect of torsion on neutrino
oscillation. We see that torsion cannot induce neutrino oscillation, but affects it when-
ever oscillation exists for other reasons. We show that the torsion effect on neutrino
oscillation is as important as the neutrino mass effect, whenever the ratio of neutrino
number density to neutrino energy is ∼ 1069 cm−3 /eV, or the number density of the
matter is ∼ 1069 cm−3.
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1 Introduction
Results from several solar neutrino experiments, utilizing differnent detection techniques,
consistently show a discrepancy between the measured νe flux from the sun and the νe flux
predicted by various solar models. The origin of this solar neutrino deficit is not yet well
knwon. A possible solution is neutrino flavour oscillations, which was first suggested by
Pontecorvo [1] and then Maki et al. [2].
Several mechanisms for neutrino oscillations have been proposed (see for example [3]).
One mechanism, for example, assumes that neutrinos have non-equal masses, and that the
neutrino mass eigenstates are not the weak interaction eigenstates. The most famous version
of this type of solution is the Mikheyev-Smirnov-Wolfenstein (MSW) mechanism [4, 5]. There
have been also proposed some alternative mechaninsms, relating neutrino oscillations to
gravitaional effects; e.g. to violation of equivalence principle [6], or to violation of the Lorentz
group symmetry [7]. There have been also some efforts to study the effect of (possible) torsion
of space-time on neutrino oscillations [8, 9]. In ref. [8], the authors have studied this effect,
by assuming that the torsion eigenstates, i.e. the eigenstate of the interaction part of the
hamiltonian HT , are different from the weak interaction eigenstates. In the case that the two
eigenstates are the same (θT = 0, in their language), their results coincide with the ordinary
vacuum oscillation and the effect of torsion does not appear. Here, we study this problem
from a different point of view. First, we take the torsion eigenstates the same as the weak
interaction ones. Second, our procedure is different from [8] and based on the technique that
was introduced in [10]. We use this technique in the Einstein-Cartan-Dirac theory.
The structure of the paper is as follows. In section 2, we briefly discuss the Einstein-
Cartan-Dirac theory, in which a Dirac field couples to the metric and torsion of the space–
time. We see that in this theory, the torsion is completely determined by a pseudo–vector
Aµ, and the equation of motion fixes it to be proportional to the axial current of the Dirac
particle. In section 3, we study the effect of torsion on neutrino oscillation, and show that
although the torsion can not induce neutrino oscillation, but affects it whenever oscillation
exists for other reasons. We find some lower bounds on physical quantities such that the
oscillation induced by torsion be of the same order as the oscillation induced by neutrino
mass.
2 Breif review of Einstein-Cartan-Dirac theory
The differential geometry of a four dimensional manifold U4 is determined by two objects;
the Riemannian metric gµν , and the connection Γ
µ
αβ. Conceptualy these two objects are
completely independent. The metric determines the inner product of vectors at each point,
enabling us to define arclengths and thus distances. The connection determines the parallel
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transport and thus the covariant derivative of tensor and spinor fields. The connection is
said to be compatible with metric, if the parallel transport of vectors does not change both
the length of vectors and the angle between them.
The most general connection, compatible with the Riemannian metric, is
Γαµν :=
{
α
µν
}
+Kαµν , (1)
where {
α
µν
}
=
1
2
gαβ (−gµν,β + gβµ,ν + gνβ,µ) , (2)
is the usual Christoffel symbole, and Kαµν is a rank 3 tensor, called contorsion. The only
restriction on K is that, when its upper index is lowered with the metric, it has the following
symmetry property
Kαµβ = −Kβµα. (3)
It therefore follows that, in a d-dimensional space-time, it has d2(d − 1)/2 independent
components.
Contorsion is related to the torsion tensor as follows
Kαµν :=
1
2
gαβ (Tβµν + Tµβν + Tνβµ) , (4)
and the torsion T αµν itself is the antisymmetric part of the connection
T αµν = Γ
α
µν − Γανµ. (5)
It follows that the differential geometry of U4 is determined by two tensor fields: 1) the
metric tensor gµν and, 2) the contorsion tensor K
α
µν , or equivalently the torsion tensor T
α
µν .
In general relativity, the space-time is considered to be torsion free, a priori, while in
Eistein-Cartan theory this is not the case. Here, we quickly reveiw this latter theory.
As usual, the curvature tensor is defined as
Rκλµν := Γ
κ
νλ,µ − Γκµλ,ν + ΓηνλΓκµη − ΓηµλΓκνη. (6)
Let V 4 denote the same manifold with the same Riemannian metric, but with vanishing
torsion. The Riemann curvature of V 4 is
0Rκλµν := {κνλ},µ −
{
κ
µλ
}
,ν
+ {ηνλ}
{
κ
µη
}
−
{
η
µλ
} {
κ
νη
}
. (7)
Defining
τµ := g
αβKαβµ, (8)
Aσ := 1
3
εσαµνKαµν , (9)
2
the contorsion can be written as
Kαµν =
1
3
(gαµτν − gνµτα) + 1
2
Aσεσαµν + Uαµν . (10)
This expression is simply the decomposition of contorsion tensor. Here Uαµν is in fact defined
by the above equation, and has the following properties
Uαµν = −Uνµα, gαµUαµν = 0, εσαµνUαµν = 0. (11)
εακµν is the totally antisymmetric pseudo-tensor of rank 4. Now, It can be shown that the
scalar curvature is
R =0 R− 2√
g
∂κ(
√
gτκ) +
(
−1
3
τ 2 +
3
2
A2 + UαµνUµνα
)
, (12)
where
√
g = [−det(gµν)]1/2. Einstein-Cartan theory is a theory of gravitation in which the
space-time is a manifold with torsion (i.e., in our notation a U4). The action functional of
the Eistein-Cartan theory is
IEC := − c
3
16πG
∫
d4x
√
gR = (13)
− c
3
16πG
∫
d4x
(√
g 0R− 2∂κ(√gτκ) +√g
(
−1
3
τκτκ +
3
2
AκAκ + UαµνUµαν
))
. (14)
An important feature of this action is that the contorsion contribute in a total derivative
plus an algebraic expression. Therefore, in Einstein-Cartan theory, the equation of motion
of the torsin field is simply an algebraic equation
Aκ = 0, τκ = 0, Uαµν = 0. (15)
In other words, in the absence of matter, the Einstein-Cartan action implies that there is no
torsion.
Now let us couple this to a spin–1/2 field. The resulting theory is known as the Einstein-
Cartan-Dirac (ECD) theory. The action of this theory is
IECD := IEC + ID, (16)
where
ID :=
∫
d4x
√
g(−h¯)ψ¯
(
eµaγ
a(∂µ + Γµ) +
mc
h¯
)
ψ. (17)
Here a is a tetrad index and µ is a coordinate index. The coupling of metric and torsion to
the Dirac field is through the covariant derivative Dµ := ∂µ + Γµ, in which Γµ is the spin
connection,
Γµ := − i
8
[γa, γb]eνaebν|µ . (18)
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Here a vertical line | means the covariant derivative on U4
ebµ|ν := ebµ,ν − Γλµνebλ = ebµ,ν −
{
λ
µν
}
ebλ −Kλµνebλ. (19)
We can write this as follows
ebµ|ν := ebµ;ν −Kλµνebλ, (20)
where
ebµ;ν := ebµ,ν −
{
λ
µν
}
ebλ, (21)
is the covariant derivative on V 4.
It can be easily seen that the effect of torsion in (17) is to add to the usual Dirac action
in a curved torsionless space-time (V 4), the following interaction term
∫
d4x
√
g(6h¯AµJµ5 ), (22)
where Jµ5 = −iψ¯γµγ5ψ is the axial current of the Dirac field. Now, taking variation of (16)
with respect to Aµ, τµ, and Uαµν , leads to the following equations of motion
τµ = 0, Uαµν = 0, (23)
Aµ = 96π
3
Gh¯
c3
Jµ5 . (24)
In summary, in ECD theory the torsion pseudo-vector is proportional to the axial current of
the fermion field, and this current is the source of torsion. The proportionality constant is
the square of Planck length.
3 Effect of torsion on neutrino oscillation
Now everything is ready to study the effect of torsion on neutrino oscillation. We follow
the same procedure that was introduced in [10], in which the neutrino oscillation in curved
background was studied. If we ignore the background matter effect, the Dirac field equation
of motion is [
γaeµa (∂µ + Γµ) +
mc
h¯
]
ψ = 0, (25)
where the torsion contribution comes from Γµ term, via eqs.(18) and (19). Using the identity
γa[γb, γc] = 2ηabγc − 2ηacγb − 2iεdabcγ5γd, (26)
one can show that the only nonvanishing contribution from spin connection is
γaeµaΓµ = γ
aeµa
{
iAµ
[
− 1
2
√
g
γ5
]}
, (27)
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where
Aµ = AµG + A
µ
T . (28)
Here
AµG =
1
4
√
geµaε
abcd(ebν,σ − ebσ,ν)eνceσd , (29)
is the contribution of the Christoffel symbole, which is present in both V 4 and U4 and was
drived in [10], and
AµT = −6
√
gAµ, (30)
is the contribution of the torsion filed Aµ, which is present only in U4. Now, a look at
eqs.(24), (25), (28), and (30) shows that in Einstein-Cartan-Dirac theory, there is a self
interaction among the fermion field, because of torsion. This interaction, however, is very
small, because of the coefficient in (24)2.
As was argued in [10], we can add a term proportional to the identity to eq.(27), to group
it with term arising from matter effects. The result is
γaeµaΓµ = γ
aeµa(iAµPL), (31)
where PL is the left–handed projection operator. Putting (31) in (25), we see that the
momentum operator Pµ, used in neutrino oscillation calculation, can be computed from
following mass shell condition
(Pµ + h¯A
′
µPL)(P µ + h¯A′µPL) = −M2f c2, (32)
where now A′µ representing both spin connection Aµ and matter (Afµ) contribution
A′µ = Aµ + Afµ, (33)
with [10]
Afµ =

 −
√
2GF
h¯c2
Nµe 0
0 0

 . (34)
M2f is the vacuum mass matrix in flavour basis
M2f = U

 m21 0
0 m22

U †, (35)
2There is another point of view about the coupling constant that appear in spin–torsion interaction [9,11-
13]. The torsionic contact interaction Lagrangian between two spin half particles is formally identical to the
weak interaction Lagrangian and may be written in the (V −A) form, if at least one of the two fermions is
massles. This suggest that the spin torsion coupling constant GT , be also identified with the weak interaction
Fermi constant. This suggest GT /G ≈ 1031.
5
with
U =

 cosθ sinθ
−sinθ cosθ

 . (36)
Afµ is the potential, drived in the context of MSW effect, Ne = neu
µ is the number current
of the electron fluid; ne is the electron density in the fluid rest frame, and u
µ is the fluid’s
four velocity. GF is Fermi constant.
Now for a general trajectory with affine parameter λ (xµ = xµ(λ)), and for relativistic
neutrinos, ignoring terms of O(A′2) and O(A′Mf ), one finds that column vector of flavour
amplitudes
χ(λ) =

 < νe|ψ(λ) >
< νµ|ψ(λ) >

 , (37)
satisfies in the following differential equation [10]
i
dχ
dλ
= (
M2f c
2
2
+ h¯p.A′PL)χ, (38)
where pµ = dxµ/dλ is the tangent vector to the null world line. In the above relation P 0 = p0
and P i = (1 − ǫ)pi (ǫ << 1). In this way one can calculate the effect of torsion, through
eqs.(33) and (28), on neutrino oscillation. As in the case that was considered in [10], the
total gravitational contribution Aµ is proportional to identity matrix in flavour space, and
can not induce neutrino oscillation on its own, but affects it when there are other off-diagonal
terms.
To evaluate the order of magnitude of the effect of torsion on oscillation, let us consider
a case with only the mass and torsion terms. We want to study the conditions under which
the effect of torsion is of the same order as the mass effect, i.e.:
1
2
m2νc
2 ∼ 6√g96π
3
Gh¯
c3
pν · J5. (39)
For a spin–1/2 particle with Sz = h¯/2, momentum p
µ
s = (Es/c, 0, 0, ps), and density ρs we
have
Jµ5 = ρs(
psc
Es
, 0, 0, 1). (40)
Also, noting that P 2 = −m2νc2 and p2ν = 0, up to order ǫ we have
pµν = (
Eν
c
, 0, 0, (1 +
m2νc
2
2P 2ν
)Pν). (41)
If the source of torsion is also neutrino, ps = Pν and Es = Eν , eq. (39) results
ρν
Eν
∼ 1069 cm
−3
eV
. (42)
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This shows that torsion can affect the neutrino oscillation whenever its number density is
very large or its energy is very low. If the source of torsion are some other spin–1/2 particles
at rest, such as electrons or neutrons, eq. (39) restricts the matter number density as follows
ρmatter ∼ 1069 cm−3. (43)
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